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(_^ , Abstract: The ADM formalism is reviewed and techniques for decomposing generic components of metric, 

^ ^ ' connection and curvature are obtained. These techniques will turn out to be enough to decompose not 

only Einstein equations but also covariant conservation laws. 

Then a number of independent sets of hypotheses that are sufficient (though non-necessary) to obtain stan- 
dard ADM quantities (and Hamiltonian) from covariant conservation laws are considered. This determines 
^\1 ' explicitely the range in which standard techniques are equivalent to covariant conserved quantities. 

The Schwarzschild metric in different coordinates is then considered, showing how the standard ADM 
. -, ■ quantities fail dramatically in non-Cartesian coordinates or even worse when asymptotically flatness is not 

^T^, manifest; while, in view of their covariance, covariant conservation laws give the correct result in all cases. 

1. Introduction 

Almost a century after the birth of GR there is yet no universal consensus on how energy, 

t~^ , momentum and other conserved quantities should be defined in it from a fundamental viewpoint. 

^-p \ There is a number of simple situations in which everybody agrees on the expected result, but 

• ' such results can be obtained from a great number of, quite different, prescriptions that usually 

f-^ ■ differ when used in a generic situation. 

2^ ' From a fundamental viewpoint the situation could not be worse: some people use prescrip- 

tions based on pseudotensors (here this term refers to coordinate expressions with non-tensorial, 
sometimes undetermined, transformation properties) argueing that generally covariant prescrip- 

p^ ' tions cannot catch physical properties of conserved quantities; some use covariant prescriptions 

j^ ' argueing that non-covariant objects have no meaning in GR. The main reason to defend co- 

variant conserved quantities in GR is that, according to the general covariance principle, if 
conserved quantities were intrinsically non-covariant they would be irrelevant to the descrip- 
tion of Nature. Here we are using general covariance principle in the naive form: one can 
describe Physics in an observer independent way, that is just the definition of what one should 
understand for a (classical) Nature which exists out there independently of the observer. This is 
enough for us to accept at least the challenge to understand conserved quantities on a covariant 
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stance. 

Let us stress here once for all that obeying general covariance principle does not mean to 
use always intrinsic quantities or covariant expressions. On the contrary, one necessarily has 
to break the coordinate gauge at some stage to compare results with experiments; see [1]. 
Experiments are by their own nature performed in some coordinate system set by some observer 
which (or who) has set its own conventions for determining position and time of events. 

To be precise, the general covariance principle claims that the description of Physics can be 
done independently of any a priori coordinate fixing. It does not exclude that in particular sit- 
uations one has a posteriori preferred coordinates, preferred splittings between space and time, 
or preferred observers; see [2], [3], [4], [5]. One very well-known example of such a situation is 
Cosmology: in Friedmann-Robertson- Walker solutions one has canonical clocks (e.g. the tem- 
perature of the cosmic background radiation) that not only break Lorentz invariance defining a 
cosmic (global) time but break the Galilei invariance defining observers which are at rest with 
respect to the cosmic background radiation. In fact, there are special observers which see the 
CBR to be isotropic, while observers in motion with respect to them see part of the sky blue 
shifted and part red shifted. These observers are universal, by this meaning that one should 
not be surprised to learn that a civilization on the other side of the universe has some special 
name for them. 

This situation in Cosmology is not a violation of the general covariance principle. In fact, 
these observers can be defined only once a particular class of solutions (FRW) has been given. 
They are given a posteriori with respect to solving the dynamics of the system, not a priori (in 
which case they would be given in any solution of Einstein theory) . 

Another issue in which these sort of a posteriori gauge fixings could be important is quantum 
physics. It is quite well understood that quantizing a gauge system and then fixing the gauge 
at quantum level gives in general a different system with respect to fixing the gauge at classical 
level and then quantizing the physical degrees of freedom (see [6], [5], [7]). In particular it is 
not yet clear whether in GR there exists a quantum description independent of the observer or 
quantum gravity necessarily describes the point of view of a fixed quantum observer. 

In any event, at a classical level, if one accepts GR as a fundamental description of Physics, 
whenever coordinate fixings are used one should explain in detail which gauge fixing has been 
done, why or whether this gauge fixing is needed and why or whether it defines preferred 
observers in the description of the world. 

Another ground of misunderstanding is the physical fundamental meaning of the energy (as 
well as other conserved quantities) of a system, opposed to an energy for the system. Nester 
noted (see [8] ) that in many areas of Physics it is well known that many different energies can 
be associated to the same system. Besides the obvious dependence on the observer's reference 
frame, which is well known also in Mechanics, Nester pointed out the dependence of energy 
on control variables (or boundary conditions) well known in Thermodynamics, where besides 
internal energy one can associate other energies to a system. We completely agree with this 
position. We believe that many prescriptions define an energy for the system and ambiguities 
in the prescriptions just mathematically reflect the physical ambiguity in the notion of energy. 

As it is well known at least two communities have grown and become incompatible about 
the issue of the energy of the gravitational field. We believe it is time to make some effort to 
reconsider the whole issue in view of decades of research in both directions, at least trying to 



contribute in addressing the issue once and for all. It is our opinion that part of the misunder- 
standing conies from the overestimated role given to special relativity (SR) in GR. People have 
often tried to mimick what is done in SR and extend it directly to GR, while it is clear that 
GR demands instead a deep re-thinking about what are to be understood as legitimate tech- 
niques and prescriptions. We collect some motivations of this position in Appendix A. There 
are also a number of claims, also from valuable reseachers in the area (not excluding Einstein 
himself), that have been shown to be flat wrong. We collect a number of them, together with 
their counterarguments, in Appendix B. In Appendix C we will finally present a summary of 
relations among the different quantities defined in this paper. 

This paper is a logical review of ADM tecniques and a contribution to the discussion about 
pseudotensors and covariant prescriptions. In particular we shall investigate in detail the re- 
lation between one of the covariant prescriptions for conserved quantities (based on the so- 
called augmented variational principle and Noether theorem) and one of the non-covariant ones 
(namely, ADM conserved quantities). 

ADM prescription (see [9], [10], [11]) is very well-established and deeply connected to certain 
issues concerning the Hamiltonian structure of GR theory. It is known to hold for asymptoti- 
cally flat systems in quasi-Cartesian coordinates (i.e., Cartesian coordinates for the underlying 
Minkowski reference background). 

We shall obtain ADM prescriptions as the ADM decomposition of augmented conserved quan- 
tities and then discuss in detail what happens when the hypotheses required for standard ADM 
do not hold true. To investigate in this direction we shall start performing ADM decomposition 
in a quite general setting without assuming too much about the solution under consideration, 
adding hypotheses once the decomposition has been obtained. We shall find out that augmented 
covariant conservation laws keep providing the correct result, while the standard pseudotenso- 
rial ADM quantities fail, sometimes introducing dramatic unphysical divergencies, out of their 
original scope. 

However, the aim of this paper is not to kill pseudotensorial conservation laws ultimately and 
without appeal. Pseudotensors can in fact be legitemately used with due attention, provided 
that it is clearly stated which preferred observers they assume. Deriving pseudotensors from 
covariant conservation laws is one effective way, though probably not the only one, of keeping 
under control which hypotheses have been used and which gauge fixings have been done. 

In Section 2 we shall introduce ADM foliations and a systematic decomposition of objects 
along the foliation. The main goal of this Section is to obtain some Lie derivatives of the 
connection which then enter conservation laws. The main computational resource here is to 
write all results in a frame adapted to the foliation to obtain easier expressions to be dealt with. 

In Section 3 we shall review the main results about augmented covariant conservation laws. 
For an extended introduction and motivations we refer to [12]. 

In Section 4 we shall apply ADM decomposition to the covariant conservation laws. This in 
particular contains the standard canonical analysis of Hamiltonian formalism which was already 
discussed in [11]. Here we shall rely on systematic decomposition to obtain directly the ADM 
mass and the ADM momentum from ADM decomposition of augmented covariant conservation 
laws. Moreover, we shall discuss various independent set of hypotheses which allow to obtain 
ADM conserved quantities with no extra correction. We believe this will definitely set the 
long standing discussion about which hypotheses are needed to obtain a "meaningful" notion 



of energy in GR. 

As an example, in Section 5 we shall apply the results of the previous Section to various forms 
of Schwarzschild solution and with different hypotheses to obtain its ADM conserved quantities. 
In what follows we shall use homogeneous units, in which c = 1 and G = 1. 



Hoping it could help readers who are approaching ADM techniques for the first time we add a 
detailed guideline to a systematic derivation of decomposition of spacctime objects with respect to 
a given ADM foliation. In literature it is relatively easy to find decompositions of some relevant 
object. Here we decided to establish techiques to decompose anything. If the reader wishes to 
skip these details, recompile this TJ^X sourccfile uncommenting (just above the title) the command 
\CollapseAllCNotes. 

We shall use below the following typographic conventions: paired color terms cancel out, underlined 
terms are similar (or to be collected together), framed terms are zero. 



2. ADM Foliations 

Let us consider a spacetime manifold M, here for simplicity assumed of dimension tti = 4, 
even though one can easily generalize the discussion to a generic dimension. We shall denote 
coordinates on spacetime M by x^'', with /i = 0, . . . , 3. 

A (global) ADM foliation is a bundle structure tt : M —>■ M.; the fibers 7r^^(t) = St C M are 
identified with the leaves of the foliation. From a physical viewpoint, the fibers St C M are 
defined as the set of simultaneous events for a given observer. Of course, different observers 
might have different synchronization protocols and define different ADM foliations on the same 
spacetime M. In fact, fixing an ADM foliation is part of the observer's specification. 

Here, instead of looking for a preferred class of observers (which of course could lead to 
simplifications in special situations) we shall work with an arbitrary but fixed observer. ADM 
formalism imposes the choice of an observer, but at least working with an arbitrary one is as 
close as possible to the principle of general covariance. Moreover, special classes of observers are 
often depending on the class of solutions under consideration and, as such, they are not suitable 
for discussing from a fundamental viewpoint how one should define conserved quantities. 

The standard fiber S of an ADM foliation represents an abstract model for space. Coordinates 
on S are denoted by k^, with A = 1,2,3. Fibered coordinates {x^,x^), with i = 1,2,3, on M 
are called adapted coordinates with respect to a given ADM foliation. In adapted coordinates 
the fibers (i.e. space submanifolds) are given by St — {x^ = t}. The fiber coordinates provide 
a canonical parametrization of the fiber St in the form 

it:S^M:k'^^{x'^^t, x' = a^/c^) a'^ = S'^ (and af = Sf) (2.1) 

These parametrizations are called the adapted parametrizations. They depend of course on the 
ADM foliation, a trivialization and the fiber coordinates chosen. For notational convenience we 
shall also define the (maximal rank) matrix a^ = Oax'^, by setting a}) = and a\ = (5^. 



Notice that the fiber St, being vertical, can be covered within a single trivialization domain. 
Therefore, we shall here work in a fixed trivialization. 



In general, one could use different parametrizations of tlie fillers; the generic paramctrization is 

if.F^M-.k^^ (.x" = /(*),;/' = 0'(t, k)) (2.2) 

In this more general ease, let us set a = dff(t), (J- = df(l)^{t,k), a\ = dj^(f>^{t,k). The family of 
embcddings if is a diffeomorphism i : R x 5 — > M which can be inverted to give 



t = ri(.xO) 

k^ = cl>^(x^,x') 

Let us define a = dg/^ (a, ), a = d^tf) (x) and a^ = di<p (x). Each object can be expressed 
as a function of .x'^ or (t, fc ). The fact that (2.3) are the inverse of (2.2) implies x' = f{f^ {x )) 
and .x'' = (^'(/^ (.X ),()!) (.X , .x')). By differentiating we obtain 



a ■ a = 1 



(2.3) 



= aV + a\a^ (2.4) 

For later convenience let us prove that dga', = 0. In fact, one has 

dga'^ = dodj^(f>' = dj^dQ4>^' = dj^ (a'a + a'^a^] = (2.5) 

Moreover, let us remark that 

dAo'g = dAB4>' = dBO'A (2-6) 

is symmetric in the indices (AB); it will be denoted by ci\b- 
Generic changes of adapted coordinates are in the form 



(2.7) 



(2.8) 



/0=/0(xO) 
x'^ = x"(x°,x') 

These changes of coordinates preserve the ADM foliation. There always exists an atlas of M 
made only of adapted coordinates. Let us now consider two trivializations, two charts on S with 
transition functions k = k (k) (the Jacobian being denoted by J^) and two parametrizations 

it -.F^M-.k"^^ (x-O = /(i),a;' = <t>'(t,k)) 
i[, :F ^ M : k'^ ^ (x'° = f'{t'),x" = <t>"(t',k')) 

Then it = iL glue together to define a single embedding if and only if 

/'(*') = a;*(/(t)) 

' ^^" (2.9) 

0"(i',fc') = x"(i,0'(t,fc)) 

From this it follows that changing trivialization on the ADM foliation does not preserve adapted 
parametrizations; if one starts with an adapted paramctrization <j>^'{t,k) = 8\k , the trans- 
formed parametrization <j>''^(t' ,k') = x''^(t,5\k ) is not adapted unless in the special cases when 
x"(i , I ) = x'^{5\k ) = 5\k (i.e. one is keeping the trivialization fixed and one is just changing 
coodinatcs on 5). However, this is enough to prove that in a fixed trivialization one can cover the 
whole fibers by means of local adapted parametrizations. 

Below we shall need to keep under control global properties of objects defined using these ADM 
foliation and fiber parametrizations. Hence we need to trace how quantities transform under 
changes of trivialization. In particular, by taking the derivative of (2.9), one has: 

4 = 9a^"'(«'= fc') = Jp]dB^ = H 4 J A ^ <^ = 4 "f J] (2-10) 



L 

Once the paramctrizations of fibers have been fixed we ean define a canonical covector: 

u = ua dx" ^ ieoyfe aAajjac e^^^' dx" = ^a CaABC e"^^^' dx" = adx" (2.11) 

where we set a =■ det(Q!^). In view of the definition (2.1) of a^ one has u = dx^^ on adapted 
paramctrizations. 

Let us also define a basis of vectors tangent to T^St (also known as vertical vectors) by: 

eA^dAx"(k)di,^a'A9i (2.12) 

This basis of vertical vectors transforms as e^ = Ja^b, where J^ denotes the Jacobian of 
change of space coordinates. 

r 

In view of (2.10) this is also true wiicn ciiangcs of trivializations arc allowed. Notice that dj are 
vertical vectors and hence they transform as d'^ = J-j dj . 

L 

We stress that no metric structure has been yet fixed on M. Let us now consider a Lorentzian 
metric g on M and assume that St are spacelike submanifolds on the Lorentzian manifold 
{M,g), i.e. that the metric 7 induced on S given by 

7 := j^g dk^ (g} dk'^ = a'^ g,,„ aSg dk^ ® dk^ (2.13) 

is positive definite. We can define a future directed unit vector normal to the leaves 

n = n" da = ^-rig^'^Ufi d^ (2.14) 

The global vector field ft (as well as any global vector field everywhere transverse to the leafs of 
the ADM foliation) defines a connection on the bundle tt : M ^ K (depending on the spacetime 
metric and on the observer conventions). Integral trajectories of n (as well as the horizontal 
trajectories of any connection) define what it means to stand still for an observer associated to 
the fixed ADM foliation. Notice that two parallel vector fields (as ft and m = Nft which will be 
defined below) define, under this viewpoint, the same observer, but different standards of time. 

We can hence define a (not-necessarily-orthonormal) frame £„ = e'^ d^ = (eo = fi,eA) adapted 
to the foliation. In adapted coordinates the vector do associated to the coordinate x^ can be 
expanded along the basis Cq as follows 

do^ Nft + N^CA (2.15) 

and defines the lapse function N and the shift vector N — N^ ca- 

r 

In view of transformation laws (2.10), A'' is a scalar on S and N transforms as a vector on S. Of 
course, both are time-dependent as well. 

L 

The dual basis e° — e°.^dx''' of covectors can be defined accordingly. Here e° denotes the inverse 
matrix of e^. In view of (2.12) and (2.15) in adapted coordinates one has 

(2.16) 



el = iV-i 


e!\ = 0\ 


( A^N 


e] = Q 


ej) = ~N-^N' 


ek = "a / 


\e^^N^ 


^i--4 



where we set iV' :— N^a\. Of course, one can check that e'^e" — Sl\ ejj'e* — J^. By using the 
induced metric jab (and its inverse 7 ) we define 

.«.=5(e.e.)=(-^ ,1) ^" = 5(e«,e^)=(-o' ^L) (2-17) 

The ADM expression of the spacetime metric 5^^ = e'^rjabet can be easily obtained as 

Sio = ef-iAse^ = N:^ g,j = efjAsef = 7y 



(2.18) 



where we set 7^ := afjABCef and N- := Nsaf ~ N^jji. 



Analogously, for the contravariant metric 5'"^ ~ ea^°''e j^ we obtain 






(2.19) 



where we set 7'-' := 0*470;^ (which is of course the inverse of 7^ ). 

Here and hereafter spatial indices A, B,C, . . . will be raised and lowered by the induced metric 
7^B, the triad indices i,j, fc, . . . by the metric 7^, spacetime indices ^,,v,\, . . . by the metric 
(7^,y and tetrad indices a^b,c,... by the frame metric rjab- Moreover, spatial indices can be 
transmuted into triad indices (and vice versa) by using the matrix a^. 

The element g™ = —N^'^ can be also expressed as g™ = ~'r\^' Hence one has y/g ~ N^/j. 

The spacetime covariant derivative (with respect to the Levi-Civita connection of y^,;,) will be 
denoted as usual by V,,, while the covariant derivative of space objects (with respect to the 
Levi-Civita connection of 7ab) will be denoted by Da- 



r 



Equation (2.9) can be regarded as a (time-dependent) change of coordinates on the fibers given 
by x" = (j>^{t,k). Accordingly, wo can consider the metric 7y as the pull-back metric obtained 
by dragging -jAB along this transformation on the fibers. Hence one can define T'-j, to be the 
ChristoffcU symbols of 7j» and denote by D,; its covariant derivative. The ChristoffcU symbols T*. 
and Tn^ are related as follows 

^^BC =h^° i-do-^/BC + dB^CD + dclDB) = 

= h'y'^^ ( - dD<^B^jk<^C - "BdDljkO^ - 0-Bl]kdD"'c + 

+ dBo'clk,aD + "'cd-Blki'^'D + "C^ktdB^^D+ 

+ dca'D'yij^'B + "£>'^C7!j"b + ai)7ydcQ-^ j = 

'] AD I } k 1 1 7 k / k 

= l1 y - '^DB'Tjk'^C - o^Bdajkapac " "B'^'jk<^DC+ 

+ "'hc^lktO'D + »cdj1ki<^B°''D + "C^fci "SU + 

+ "C£i7,jas + aodklijO^B'^c + ^g^i^j = 
= 2T^^"Li {-diljk + djlki + dklij) a'gJ'c + T'^^aDlij' 
= 3"i^V' [-d^ljk + djlM + dkl,j) a^B^'C + »fdk»B''C = 



(2.20) 



CB 



as well as vice versa 



'r^-fc = A ('r:^c"f "fc" + 4"/) (2.21) 



(2.22) 



This means that we ean transform D j^ into D,; , and vice versa, by suitable multiplication for a*. . 
For example we have 

=4dAN^ + iV' {afdAO^^^% + "f 'rg^«f 4) = 

We can prove the following Lemma: 

D^a\ ■.=4dca\ + 3r',,aJ^ - "Pr^^a^ = 

= ('r^-fc - "B ('rfc'^f - "f -ic^k^f ) 4) «A = (2.23) 



Moreover, the fibers St are submanifolds embedded into spacetinie M and one can define the 
extrinsic curvature 

^u :- ^ (-^(.^i) + l'^07«,) = ^-JoTy- (2.24) 

where we introduced the operator b^ := d^^ — £ ^ and £ j^ denotes the Lie derivative with respect 
to the shift vector. The extrinsic curvature K^j is, as usual, a symmetric space tensor on St- 



We shall later prove that this is actually the extrinsic curvature defined in differential geometry 
and how it relates to the derivative of the normal n of the submanitold St- Until then (2.24) is to 
be regarded as a notation. One can also show that 



a\K,jaJg =^a'A {-^iNj - D^N, + doTy) "^ 
= ^ -DaNb - DbNa + dolAB - 



'io"A'>'u"B - ""A^ij^O 



Kab 



(2.25) 



where Lemma (2.5) has been used. 

In the meanwhile, for later convenience let us prove that we are able to express the "time" derivative 

of the spatial connection r-g^-, as a quantity on the fibers. In fact 

do^^BC =h^° i-DodolBC + DBdincD + DcOoIdb) = 



. - D"^ (NKbc) + Db (JVA'c^) + Dc [nK^b) + 
- \[D^,Db]Nc - \[D^,Dc]Nb+D(bDc)N'^ = 



(2.26) 



^dA, 



: - D^ (NKbc) + Db [nKc ) + Dc [nk^b) - ■'R''ibc)d^ + D{bDc) 



N^ 



r 



The ADM splitting of the spacctime metric induces the ADM splitting of its Christoffcl symbols. 
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Before starting let us consider some special combinations used lierafter; in particular we have 

diQQQ = Di (~n'^ + |JVp) = -2ND,N + IN^D^Nj (2.27) 

and 

a.fiOj = DiNj + ^T].^Nk (2.28) 

Then we obtain: 

rQ.. _ 1 „00a 1 „0z o.„„„ ^ M 






- ^ {-ND,N + N^D.Nk) + ^d^Nu = (2.29) 

4^0^ + W^07z-j- + f AiV - ^i^(,:iVfc) = 



i(aoJv + Jv'Aiv + iv''w-''A-y) 



= - 2^ (-2iVA:A' + SiV^^AA'fc) + ^ (AA^fc - £»fcJV,: + 907,*;) = 

= ^DiN - ^D,Nk + ^ (DiNk - DkN, + do%k) = (2-30) 

= jrD,N + ^ (-AA'fc - DkN, + 9o7,:fc) = 



Ty- =5fl™ (-9o% + a,5jo + dj9,o) + S*"^ ^r^y = 



: - iV'r[jg + ^ A (N^ - \N\^) + 7'-''<9o^J 



% =53*^jSoo + 5?''' (-Sfcffoj + 9ogjk + djgok 



= - TV'rjjj + iVA'^.j + DjN^ 



(2.31) 



Too =39'°a0900 + h'^ {-9]9Q0 + ^dggjo) = 

= - ^iV'g°°aogoo + ^7''-'' {-djgoo + 25o9jo) - ^iV'g"-'" {-dj9oo + 2aog^-o) = (2.32) 



- ^9°'' (-afcpoj + do9jk + ajSO*) = (2-33) 



^]k =h9'° {-d09jk + djOkO + afcSOj) + fl'' ^"Cljk = 

= - iV' 1 9OO (-aoS.fc + ajSfco + dk90j) + 7" 'ryfc - N'g°' %^k = (2-34) 

^jk+ '-jk 



The extrinsic curvature of a timc-dcpcndcnt cmtjcddcd hypcrsurfacc if : S ^ AI is a measure of 
the change in time t of the normal unit vector. As the name suggests that is a quantity depending 
on the embedding maps it : S ^ M. Let v = v d^^ a vector tangent to S, also interpreted as a 
vector '0 = («;)*((;) = v ej^ tangent to St- 



Let us define the cndomorpliism x : TSt ^-> TSt ■ v ^ Vt,?t. In adapted coordinates one has: 

X(v) = VvH = v" (a,,n" + r^^n'^) da = v^a"^ [d^,n" + T'l^fif^) da = X^"^ ^A (2-35) 

The last equality is a consequence of the fact that the vector xiv) i^ again tangent to 5^; in tact 

fi ■ V„n = I V„ (n ■ n) = (2.36) 

Hence one has 

Xb =4 (S/n^ + Vl^n^ + V\^n^) af = ^x}"^ (2.37) 



(2.38) 



The normal vector is n = Af^ (Sq — N'dj) — sec (2.15); the Christoffcl symbols arc expressed in 
terms of the metric tensor which is in turn expressed as (2.33) and (2.34). By expanding all terms 
one easily obtains A'y = 7,;/Xo- 



Despite the frame timelike vector Cq is a unit vector and orthogonal to each ca, the frame Ca 
is not orthonormal in spacetime since the space vectors ca are not necessarily orthonormal in 
space. However, it is covenient to express geometric objects in this frame. For example, the 
Christoffel symbols F" of the metric g, namely the coefficients of its Levi-Civita connection, 
define the spin coefficients: 

^"bx=K{^$xd + dxe-^) ui\, = oj\xe^, (2.39) 

that have particularly simple expressions 



w'V = ui\c = K^' 



c 

-^a 

BC 



(2.40) 



w%c - Kbc ^^bc = 'rf 



Let us prove here the previous expressions for spin coefficients. One has: 



•^ 00 -fia (i;^A2o +'*->'^oj^O 



= [n-"^ (dgN + N'DjN + N'N^ A'y) - JV^^jyJ fOjN + n'^Kj^^j + rfoW^^) + (2.41) 






m 00=^0 U/3A«0 +"^£0 |e(^ 



= [Ak - r°fcW^' + Nd^N-^) a^, = (jV-1 [d^N + .v'a^,) - N-^Kj^N-^ - N'^kN) a^ ^ 



(2.42) 



l°BO =e 



%<^ - r°fc"iJ^' = i^'' {DjN + iV^'A-j,) - N-h<j,N''-) 4 = N-^D^Na^ = (2.43) 



=r°o"^ 

=N''^DbN 
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,0 fra „0 



^"BC=e!i r;^,e-+d,e| e 



BU^C 



^NT^k^e^^ 



■ KjkO^B^'c ='■ ^BC 



(2.44) 



y 00 =eQ ( ViA^g +dAeo )^0 ■ 



=N-'^N^ (rgo - r°QW + NdoN-^^ +N-^af (r^g - r}oiV-'' - NdoN-^N' - doA^') + 

-jV-Zjv^ (rj]^. - r°j.iVJ + AV/j A'"^) JV'' - N^'^af (t'q^. + NT°^.N^ - Ndf^N^^N' - DkN') n'' = (2.45) 

=N-'^N^ (rjjo - rOgAfj) + 7V-2^f (-A-'TlJo + ND'N - N^ DiNj^t'' + r/o A ' + -/''doiyiV-'' - rjgAfJ - ,iojV') + 

-Ar-2jvAp0^jyfc - AT^^af (-N'T°f. + NK'.^. + D^.N' - Djjf) JV* = 

= - JV"2^ApO_^jyj _^ N-'^af (nD'N + N-iDjN' + 2NIC'.jW + N'Tf^W - NK\jN^ - DjN'nA + 



-N-'^afK'.f,^'' = N-^afo^N = N^'^af^^'^D^.N = Ar"l7^^a|;DfcAf =: JV^lfl^TV 



y OC =ec, I roj.e(, + r .j^.e^ + dfceg j e^. ■ 



=N'^ (A'^^rgj, - iV^^A^-rOj. + dfcJV^l) a^ + a|* (N'^'^^iik - N-^N^V'j^ - dj^iV^ljV' - W^l^TV') a^ ^ 



=JV^ 



(iV^^rll^. - N'^NJr^^A oq + af (-A'"-' A"r|jj. + N'^NK\k + N'^D^N' + Ar^lwJ WT"^. 



a'-Id^.a^M 4 



=afA".fca^=;i^ 



(2.46) 






.TV^rO.a^^a^, + 4 (-^VT^fc^ + ^fc"k) "C ^ 



-n'^i*< + ^*"B)"c-Mc 



(2.47) 



^%0=5a(r^A£B + «'A£|)£(^ = 



=N- 



rArO 



'jO 



.r^rO 



Ar-r'n-iV-r",W^ «{, + «- Tna- 



'ik 



-i.^1 



jO"B 



dQo'g 



)-"l*(rXB+4"^)A'*^) 



+ af (Af'rO,4 - D.a's) A^^) = N'^af (a^A-.,Vb + flj A^'a^j - Dfea^jW^) 



=Af" 



A^a^ K\iaL + a. 



=K 



■ B 



-N 



-1 



J"B 



ilRAf-- 



^DjWVJj - afDk^c^^a(^a>g) = 



"fD^^B^^^) = 



-1 



=K^B + Af" [Db^ - '^ BC^' 
where Lemma (2.5) has been used. 



(2.48) 



Wc can now define the curvature tensor of the spin coefficients 



(2.49) 



This can be proven to be the tedrad expression of the Riemann tensor of the spacetime metric 
5, i.e. 

R"bcA=KR"|i^^^^d^'c^"d (2-50) 
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This is trivial in tetrad formalism but here we arc generalizing to non-orthonormal frames. For 
example, in our case the spin coelReients lu ,. ■= r] (^"dc arc not antisymmetric in [ab]. Hence 
let us prove the claim from scratch. In fact: 



dliiye.!^ 



\) 



+ e 






=T'^,d^eA + d^eld.e-i + d^r^^e^ef + V^^%dA+ 
Here \}iv\ means "the same expession with the indices [fiv] exchanged" . 



(2.51) 



The frame components of the Riemann tensor R/^bcd can be obtained as 



R OOD = 
R BOD = IBeR OOD 
R BCD = '2D[cKd]B 
R OCD — 



R' BOD = 27 D^bKe\d 

R-\oD -= N-^ {SoK-^D ~ DdD-^N) 
R' OCD = 2D[cKo] . 

R BCD — ' R BCD + 2K [cKjj^g 



K^^Ked 



Let us here prove these expressions. 



BPqqD = \W^\v\ - H'^^°0^'| + ^^e^i^''■Ov - w°c,ytJ "^op j (lo'^D = ^° EO^^ OD 



,,0 , ,E 
^ ED^ 00 



=N'^DeNK^E - KedN'^D^N = 



(2.52) 



R%oD = {d,<-'--^ 



,0„ ^0 



BEef;) - dk [^"bo^^I + ^"bE£^) + ^"E/M^^Bk - 'HEk^B,.) ^o»D = 
=d,, {Kbe4) £o"I) - dD (^"so^o) d) - dD {KBEefi) e'^ + N'^DeN ^rf ^ + 

- KedK^b - n-'^KedDbN^ + n-'^Ked'^^bcNC = 

=N-^do (Kbe4) «d - N-^dpDBN - N'^d, (KBE»k) ^'"Z) - ^'^^d UbeN^) + N'^do [Kbe^] 



N'' + 



+ N''^DeN^T?, 



BD 



^ED^ ■ B 



N-^KedDbN^ + N-^KEn^r^nN'^ = 



ED '-BC^ 



N-^ doKBD - DdDbN - A (A'sijaf ) N'a% - Do (KbeN^) + Do U'BEC'f) N' + 



3rA 



^c^adN' 



C 3r' 



T[..KBE»fN'c 



E AT'K;,^^ 3pC 



BD^CE 



E _L 3rC 



N'^ + 'T' 



BD^CE 



iV-E + ■'r'.t.a>'EKBEO'fN' + 



-NKedK'^B-KedDbN^ 



=iV-l [doKBD - DdDbN - N^DaKbd - DdKbE^^ - KbeDd^^ + DbKbeN^+ 

- NKedK^B - KedDbN^ ) = N-'^ {SqKbd - DdDbN - NKedK^b) = 
=iV-l ( 2NKbaK'^D + ^BaSqK'^D - DdDbN - NKedK^b ) = 
=N-^1BA i^oK^D - DeD^N + NKedK'^-^) 



(2.53) 
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R°BCD =dc {^^BAOif) ct'o - ^D (ui°BAofj a'c + ^° EC^^ BD -t^^ED^^BC ' 



--De {Kba4) »D - Dd [KBA<^f) "c + '^^BC^^'eD 



+ ^^tj»h^BA'^k"'D + 



^Dc^BD - DdKbC = '^D[C^'^D]B 



(2.54) 



=KprK 



E _ T.' i.'E 



R°OCD = { ^/'^"ot' I - H'^^V'I + ^"epw'^o/y - ^°e,yt^%ft ) e'^e'h = ^° EC^^ QD - ^°ED^^OC ■ 



EC^^ ■ D - '^ED'^ ■ C 



KpnK' 



(2.55) 






+ N- 



-1 SpA 
^ ED 



D'^N + N' 



-1 irA 



ED^^ ■ C 



N"-' - N- 



-lirA r.< 



CD 



i„B 3r; „k T.-A 



K": bN" + N-^af -'r.^an^^ b'^ + 



'K^eK^D + N-^K^ bDeN^ - N-'-K'f n'T^r-JV'' - N'^ 'T^n^'^A' = 



-1 ^^E)^T^f-,N^ 



-1 3pj4 r)E f 

ED^ 



=N'^dQK^D - N'^n'DiK^d - N'^DpD^N - N'^DpK^BN^ -N'^K^bDdN^ + 



+ N''^DeiK'^bN^ + K^eK^D + N^'^K^eiDeN^ = 



(2.56) 



R^BOD =d,i [iL^ BCO'k} ^G^'h -'^k [iil''^BO<'^'li + iil^BC<'^'ii) ^o<^D + ^^eOiil'^ BD - iil^cDiil''' BO = 
=7V-1 (do U'^BCC'k) "D - ^D U^BO^) - d, {i^-^Bc4) ^'^D - 4- U"^ BCN'^) "Z) + 



+ dk (tii^BC"f ) N'»D + D-'^NKbd +^'^cm'^BD - K'^dDbN - ui'^B(M'^CD 



'-'^do-^^io 



N-' rfn 'rir, - dn NK^f, + D^iV^ + 



+ dD (^^BC^^) - d, [^^Bc4) N''^D + 



\ ^BC 



C\ ATi„k 



N"-' + 4 [u'^BCO'r ^'o'h + D^NKbd + 



NK^C + DcN^) UL^^BD - ^T^e^^^^BD - K^dDbN+ 



[nK^B + DbN^) ui^CD + ^rg^iV-^t^^ci? 



N-^do 3r^^ - De (nK^b + DbN^) - dc^TJEN^ + ^V^c4^^ ^^E^^D + '^D ^^BC^^^ 



+ ^v^c<^E^f^' + d^nKbd - '^^Ec ^rgpiv^ - k'^dDbN + -^rfc ^r^^JV^ j = 

.iV-1 (do '^T-^E - DeNK-^b - NDeK^b - DdDbN^ - ^R^bCD^^ - '^^BC^D^k ^'"+ 

+ ^T^BC'^Daf N' + D'^NKbd - K'^dDbN 
.iV-1 (^-D^ (NKbd) + Db [nKe^) + De [nK'^B) - ^R'^i^bD)eN^ + \[Db,De]N^ + DeDbN^ 

- De (nk^b) - DeDbN^ - ^R'^bcdN^ + D'^NKbe - K'^dDbN 
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iV-1 ( - nd^Kbd + nDbKd"^ + '■^R-^bedN^ - '^R'^bedN^ 



[DbKo^ - D'^Kbd) = 1^^ {DbKcd - DcKbd) = 2-I^^D[bKc]D 



R^BCD =d-C {^^BEO'f) "d " '^D (tii'^BB^f ) §.c + fil'^eCUl'' BD - ^^ cOyi'' BC 



^dct^^BD - do^^BC + '^^EC^^BD - ^^ED^^BC + ^^OC^°BD - ^^OD^°BC = (^'^^^ 



= R BCD + ^i ■ C^BD - ^^' ■ D^^'bC = ' R BCD + 2^^ ■ [C^'^D]B 



i =dc (y^O£"f ) "i - do {iil^OE»f) 4: + ^^EC^^OD - ^^ED^'^OC = 
=Dc (^^0£"f ) "ij - ^D (^^0£"f ) 4 + ^rjfc4(ii^o£"f "i - '^r'^k'^D^^E^fa^ = (2-59) 



L 

Wc can hence define the Ricci tensor 



Rbd = R\ad = R^.e^ted (2.60) 



Roo =R^oAo = -N-^ (SoK - DaD^n) - K^^Kea 



L 



Rob =rPgcb = Dc [Kb^ - ^bK) 
Rao =R^aco = Dc [k^ a - ^a^) 

Rab =R\oB +RPacB = N-^ [lAEk)K^B - DbDa^) + 'Rab + KKab 

and the Ricci scalar 

R =rf'Rab = I {SqK - DaD^N) + ^R + K^ + KabK^^ (2.61) 

Let now ^ = S,'' 9,, = ?" Cq be a spacetimc vector. We can define the covariant derivatives 

VaC" = d,e + KxC , V„?' = e^d^J" + ui^al' (2.62) 

The second is just another expression for the tetrad component of the first one. 

In fact, we have 



=eidxr + 4 [Kx^c + dxe'c'} e^ ?^ = ddxl" + y"™ ^ ^ VaF 
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(2.63) 



L 

r 



For the vector ^ = n (i.e. {" = 1, { = 0) we get 

Vo?° = Vo?-^ = N-^D^N 

VAi° = VaI^ = K^A 

For the vector i = N (i.e. f*^ = 0, J^ = iV"*) we get 

V^?0 = N<^Kac VaI^ = DaNB 



(2.64) 



(2.65) 



The second derivatives will be defined as 

VaVftC' = e^d^VftC' + ^'daVbV' - Ul\aVdC (2.66) 

Let us compute as an example only the second derivatives that will be used below. 



(2.67) 



For the vector f = n (i.e. ^ = 1, ^ = 0) we get 

VoV^f"^ =N-'^5qK'^ A - N-'^DaND'^N 
V^Vsf =KebK^A 

For the vector i = N (i.e. J*^ = 0, J"^ = N^) we get 

+ N^DeK^c - ^^D^^cE (2.68) 

VaVb?° =Da [n^Keb) + KeaDbN^ - N-^KabN^DeN 

We stress however that all second derivatives can be computed and we suggest the reader to do it 
as an exercise. 



The Lie derivative of spin coefficients will be defined as 

£^u\, = el£i^tix ds^). = VR^m + ViNcr (2.69) 

Notice that this is to be understood just as a notation, not as the true Lie derivative of the 
spin connection. The spin connection is in fact a gauge-natural object and one cannot define 
its Lie derivative along spacetime vector fields, but just along gauge transformations; see [13]. 
This is instead related to the so-called Kosman lift (see [14]) implicitly introduced by Kosman 
in order to define Lie derivative of spinors (see [15]). 

For future convenience let us compute the Lie derivatives that will be used hereafter. 

For S,~n (i.e. ^'^ = 1, ^^ = 0) we obtain: 

£n^'BC ^N-' (SoKbc ~ DbDcN) 



(2.70) 



For ^ = N^eA (i.e. ^" = 0, C^ = N^) we obtain: 

£m''BC ^DeKbcN^ + DcN^Keb + KecDbN^ - N-^KbcN^DeN 
£m^oc ^£k-Kc^ + Dc {N-^5oN^) + N-'K^cN^DeN 
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(2.71) 



By using the identity 

v6Ve(/r) = VfiVjr + vt/v^e" + v./ViC" + /VftV^r (2.72) 

setting (_ = eo, f — N and m = A^n (i.e. S,^ — N, S^^ ~ 0) we get 

X^ui'-bc = ^i'nw^c + VftVciVj" + VfeA^VcC" + VciVVsr (2.73) 



Let us here compute for later convenienee the first derivatives 






(2.74) 



L 



and the seeond derivatives of tiie lapse funetion 

VaVftW = e^d„VftiV-<^'^6aVcA^ (2.75) 

that can be expanded as 

= 8q (n^'^DbN) - k'^ gDcN (2.76) 

V^VoiV = dAVoN - ui^oA^C-N = D^ [n-'^SqN) - K^aDcN ee VqV^TV 
VaVbJV = dAVBN - iiL°BA^oN - ^'^ BA^C^ = DaDbN - N-'^KbaSqN 

For future convenience let us compute the Lie derivatives that will be used hereafter. 



£aui%c ^6oKbc - KbcN-^6oN 



(2.77) 



Let us remark that the vector n is not projectable with respect to the ADM foliation, while 
m is. Hence the flow of m sends fibers into fibers, i.e. it preserves simultaneity, while the flow 
of n does not (in general). Let us also remark that one has do ~ rn + N . We shall use these Lie 
derivatives in the applications below. 



3. Covariant Conservation Laws 

In [12] we presented a framework based on Nocther theorem to define covariant strong conser- 
vation laws for Lagrangian systems. The framework here presented is practically equivalent to 
many frameworks independently proposed in literature (sometimes requiring extra hypotheses 
that are unnecessary); see [16], [17], [18], [19], [20]. 

In this framework one doubles the fields introducing, besides the dynamical metric g^ the so- 
called reference metric g and the conservation laws so obtained arc interpreted as describing 
the relative conserved quantities between the reference and the dynamical fields. This catches 
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most of the instances of covariantization mentioned in the htcrature on the basis of ad hoc 
procedures. 

The augmented covariant conserved quantities for a space section St = {a;^ = t} C M are 
defined as 

QK] = ^ I E[i] -^ I m + ^ / AK] (3.1) 

2k Js, 2k Js, 2k Jos, 

where we set k = SttG/c^ and, letting u" = T" — ^TJ^^)\^ '^^ set: 

m] = V9 {9"'''£^K^ - tR) ds^ m = v^ {r£eK. - cr) ds^ (3.2) 

for the Noether currents of the field g and the reference g, while 

^m^Vl9"'C(u^.^upds^f, (3.3) 

denotes the boundary correction due to the augmented variational principles. 

Here "covariant" refers to the fact that these quantities are scalars. However, they have to be 
interpreted as the mass and momentum measured by an observer which has been fixed at the 
beginning. It does not imply that mass or momentum do not depend on the observer; different 
observers will see different lapse and shift, different boundaries dSt and different symmetry 
generators. As discussed in Appendix A one cannot expect to obtain anything better in GR. 

These expressions are derived in [12], to which we refer for further motivations; we wish to 
mention that these relative conserved quantities have proven to produce the expected results 
in many situations both standard (Schwarzschild [21], Kerr-Newman [22]) and non-standard 
(BTZ [23], Kerr-AdS [24] and [25], Taub-Bolt [26] and [27]). 

Here we want to perform ADM splitting of these strong covariant conservation laws in order 
to investigate which extra conditions, if any, are needed to obtain standard ADM quantities. 

We stress that obtaining a pseudotensor in this way is much more meaningful than what is 
usually done in the literature: at least one can trace explicitly which hypotheses are required 
in order the expression to hold, which in turn means that one can keep under control which 
classes of preferred observers come with the pseudotensor. We believe that these are the minimal 
requirements to be met in order to be allowed to use coherently non-covariant expressions in 
GR at a fundamental level. 

4. ADM Quantities 

Let us hereafter perform the ADM decomposition of the augmented conserved quantities de- 
fined above. As a first attempt we prefer to restrict to the case in which both the dynamical 
metric g and the reference metric g define the same normal vector n at the boundary dSt where 
conserved quantities are integrated. This means the two metrics define the same lapse and shift 
on dSf while the induced metrics 7 and 7 could be different. Notice that this condition is much 
less restrictive than the usual matching conditions found in literature, which impose the same 
metrics on dSt- This is a technical hypothesis and there is no fundamental reason to restrict 
to these cases as we here do for convenience. More general situations may require even weaker 
hypotheses; further investigations will be devoted to this more general case. 

We shall first establish some building blocks which will be used later to discuss the ADM 
splitting of the covariant conserved quantities (3.1) defined in the previous Section. 
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Besides the foliation and the dynamical fields g — {'^,N,N) we have (at the boundary) ref- 
erence fields g = {■j,N,N). Let us start from the bulk parts E[n] and E[N]. The expression 
(3.2) can be simplified to: 

^N-'^{ij">'£^u^,„ - if'£^ui\, - C"i?) dv = (4.f ) 

^Vlh"^''£i^°AB + £iUl^OA - l°R) dv 
where we set dv — dsg for the (coordinate) volume element on S. 
Now setting ^ = n one gets: 

E[n] ^ {KabK^^^ - ^R - K'^) dv + di^N'^D'^N dvA) (4.2) 

while for £, = N one gets 

E[N] = -2/7 {D'^KcA - DcK) N^ dv + d {{2Kc^N^ + N-^5oN^) dvA) (4.3) 

Here we set dvA = CA-idv and d denotes formal divergence (or, equivalently, formal covariant 
divergence; see Appendix B) which is defined to correspond to on-shell exterior differential on 
S. 

The same expressions with suitable hat-objects hold for the reference currents E[n] and E[N]. 
Notice that these last currents would be associated to the vector fields n and N, respectively, 
which in general have no a priori reason not to differ from the ones n and N computed out of 
the dynamical fields. This is why we imposed the boundary conditions n = n and N = N . If 
one wished to be completely general and two different normal vectors were to be considered, as 
it can be done, the reference normal unit vector n would have to be decomposed along the frame 
Bq associated to the dynamical metric and the corresponding currents E[n\, E[N] expressed as 
a linear combination of the currents E[n], E[N]. This is of course feasible, but tedious and it 
does not seem to be really necessary for our later applications; In fact no generality seems to 
be lost, at least at the classical level, since at the end the differences vanish along constraints. 

Let us check here these sphttings. 
E[n] =^{-/^^£^ui%B + £i^'^<3A - R) dv = 



(4.4) 



- 25qK + 2DaD^N -^RN - NK^ - NKab^^^ ) dv = 
=^/^i 2KABK^^ - N^'^DaND^N + N'^DaD^N -^R- A'^ - KabK^^J dv = 
=^(kabK^^ - N^'^DaND^N + N'^DaD^N -^R- kA dv = 
= v/7 [Kab^'^^^ -^R- A'2) dv + d LfyN-^D^N Ava) 
For the shift vector one has: 

E[N] =V^{"/^^£ti<il\B + ^did^OA) dv = 

=y/^{£j^,K + D^ h.KcA^'''^ - 2D^KcaN'^ - N'^KN'^DcN+ 

+ £f^J\ + Da {n'^5qN^\ + N'^KN'^DcN) dv = 
= - 2,fy[D^KcA - Dc^) ^''^dv + d (^{2Kc'^N^ + iV^^^oiV^) dii^) 
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(4.5) 



L 

The bulk terms in (4.2) —namely, H := KabK^^ -^R- K^— and in (4.3) —namely, He ■= 
—2{D^KcA — DcK) — vanish on-shell (they are in fact the Hamiltonian constraints) while the 
surface terms are the ADM decomposition of Komar superpotential. This decomposition of 
Noether currents into a bulk term vanishing on-shell and a boundary term is the canonical 
splitting of Noether current (see [12], [13]). 



r 



The (00) component of fields equations is 

^00 - ^Rm = - N-^ {^oK - DaD^n) -^ K^^Kea + 

+ JN {^OK - DaD^n) + \[^R + ii-2 + KabK^ = (4.6) 

= \ i^R + A'2 - KabK^^) = 

and it sliows that H = on-shell. The (0^) eomponents 

EOA =Dc [Ka^ - S^Ik) = DcR'a^ - DaK = (4.7) 

show that Ha = on-shcU. 

The Komar superpotential reads as 

=^ (v-^?0 - VO?^) dvs = ^ (l^-^V^fO ^ Vo?S) dvB 

Setting 5 = n one gets 

U[n] = ^ (^V^^° - V°e^) dvQ = ^N-^D^NdvB (4.9) 

as above. 

Setting t; = N one gets 



(4.8) 



U[N] =^7 (N^'^d^N^ + K^c^'^ + ^'^ I<^ c ) *'B = 
=^ hx^C^'^ + N'^dQN^\ dvB 



(4.10) 



Equations (4.9) and (4.10) show that the surface terms in (4.2) and (4.3) are just the ADM splitting 
of the relevant Komar superpotcntials. 



Let us also remark that, in view of (2.62), (2.73), and (4.1) we have 

E[m\ = NE[n] + ^N'^DaND'^N dv + d {y/iD'^N dvA) (4.11) 



r 


In fact, we have: 










E[m] - NE[n] =Vi{i^'^{^A^bN^° + 


VbNVa^^ 


+ 


VaNVb(° 


















+ v/7( 


VaVoJVC^ 


+ VoNVA(^ + VANVo(^)dv 



dv^ 



^V^il'^^iDADBN - N-'^-KbA^O^) + N-'^-SqNK + N-'^'DaND^N) dv -- 



(4.12) 



=d (^D^N dvA) + ^N^'^DaND'^N dv 
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For the boundary correction (3.3) let us first compute: 

^\Fl (?""' + C"^'"" - A^C'w") dv, = (4.13) 

^V^ (?° ("' + N''u°) - CNu'') af dvA 

where we set u^ :— g'"'u^j,. Notice that the computation above is carried out at the boundary 
dSt where the frames induced by the two metrics actually coincide under our hypotheses. Of 
course one also has 



^g'^^'CK^ ds^p =^ {f iS^ + A^'^°) - C'^"") ocf dvA 



(4.14) 



where we set u^ = g'"^u^ 



iw 



Since the two metrics induce the same frame at the boundary dSt the matrices go and e'l represent- 
ing (co)framcs do not depend on the metric and all differences between the metrics are contained 
in the frame metrics fj^j and f)„j. 
Let us then compute: 



-,f,ab-pO p^^pY - tflb vya JS-c _ 
—'I '- i^wLaLb 'I kaS.b'- lyfjS.cf'a — 

-n [^cM ab - d-X^a^b) ^ 1 



"''''e°e^(e'!^bc--X<lbS^c 



d.e?e^] = 






=iV 



=iV 






Accordingly, one has also 



(4.15) 



ifi = 2N'^^^'^kBC + N^'^diN^ = 2N''^k + N^'^diN^ 



(4.16) 



Let us also compute 

—fflbfic 1 „i „X\ .r-.ab i-c f„a d i a X\ _ 

-V [^cMl ab ^ d^e^ef^j - q e„e„ (^e^w j^ - d^e^^e^j - 

-V fLcUL ab - n dxeafLb - V §.aiiL be + 1 §.ad\eb " 



J ..fc 



^,BC^ 



l"^'dka'BC,'c + eii^^oC - r^^^Bld'cc - nh^X^ + 1 ^' '^B^k'^C 






7^^"kc 



.BC^^^aoa^ 






~BC A /SpA 



cA3pD_ 



BC^"B '^CD 



) - (^A^^OO - l^'^a^Bid^CO + 'ixS.'od - 4dx(^0 + 



A,BC„i 

I "bc 



y^<^a'BC^C'^Dak 



, - N-^N' ['f^ + 7^^) Kbc + 7''^«k ('«^BC) - 2N-^D'N + doe^jeg + dje'^ef, - eifye^ - e'od,e(,+ 



'f^'^^BC 



y^Ca'B4dDa^ 
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-N-'^N'di (n-'^N^) 



^"""-BC 



yB(^a'ga^pdoaf 



^BC^^^a^,^ 



= - N-^N' (7-SC + 7-^'^) Kbc + 7^^"A (^^"^Bc) - 2N-'^D'N+ 

- N'^doN' + N^'^diN'N'- - N^'^N'diN' - 1'^'^ Obc 

and for later convenience 



7^^"kc 



- N'^dgN' + N^'^diN'N' - N'^N'd,N'' 

+ N^'^-N'' Oy^'^ + 7-^"^) Kbc + N^'^N'diN' = 



jB(^a'j^all,dDaf 



^ '"bc 



7 agu^dj^a^. 



Accordingly, one has also 



7^Ca^p 



y^^a'sal-dDaf 



(4.17) 



(4.18) 



(4.19) 



Setting ^ = n we obtain 

A[n] = v^7^^ {\ic - '"Bc) dvA 
Setting ^ = iV one gets instead 



(4.20) 



(4.21) 



Of course, being A[^] linear in ^"j one has A[m] = iVA[n]. 



Let us here compute the above expressions. 
Setting I; = n, we obtain 

A[»i] =v^ («' + N'u° - I? - N'u°') dvi = 



=V^ 



-,BCi /3„A 



-1 ni 



2 J Ar' 



ji Ajl 



1 ^'a\ ru'^Bc) - "iN' D N - N'^doN' +N'^diN'N'' + 



7^C„^^ 



7^C.'a^4doaf 



7^^«W 



^I^C a^j^ayoo^D 



- a\ i^u^^ + 2N-^D'-N + A'^^^/giV'' - N-'^diN'N'^ dv, ^ 



/rxBC /3„ A 3~A 



'77 



"bc "bc , 



(iti^ 



(4.22) 



For ^ = N 



A[N]=- ^N (iP - «0) AT'' (i«j = 

=V^Ar {2N''^k + N'-d/N^ - iV^l ('7'^'^ + 7-^"^) A'bc - N^'^diN') N' dvi 



(4.23) 



21 



L 

Now we are ready to compute the conserved quantity Q[£,] given by (3.1). 
For ^ = n one gets 

2k Js, 2k Js, 

+ ^ f VlN-'D^N dvA-^ f ^N-'D^N dvA+ (4.24) 

2k JgSt 2k JiJSf 

The bulk terms vanish on-sheh, while we can set 

C[n] = (^(^^N-'D^N - ^N-'D^n) + ^j^^ {^ic ' '<c)) dvA (4.25) 

for the boundary current, so that one has Q[n] = {2k)^^ J^n C[n]. 
For £, = N one gets thence 

Q[N]^^ I VlHcN^' dv-^ [ ^HcN^ dv+ 

^K J St ^K J St 

+ ^ I Vli'^Kc'^N^ + N-'^6oN^) dvA--^ f y^ (2kc^N^ + N-^SoN"^) dvA+ (4.26) 
2k Jast '2k Jgst ^ ) ^ ' 

+ ^ f V^(2K- (7^^ + 7^^) Kbc) N^ dvA 

^>^ JdS, ^ ' 



Id St 

The bulk terms vanish on-shell, while we have 



C[N] =^ {2Kc'^N'^ + N-^5tiN^) dvA - Vt hkc^N'^ + N-^5qN^\ dvA+ 

+ ^(2k- (7^^ + 7^f') Kbc) N^ dvA 

for the boundary current, so that one has Q[N] — {2k)^^ J^g C[N]. 
In view of (4.11) we can also compute the conserved quantity 

2N =7^ / Vl^Hdv-^ I y/^NHdv+ 
2k J St 2k J St 

+ — / {^/iN-^DaND'^N ~ ^/^N-^DaND'^N] dv+ 
2k Js, V / 

+ - [ (V^D^N - y/^D^N) dvA + ^ I V^N^""^' ('uic - 'uic) dvA 
K JdSt ^ / 2k jQSt 



(4.27) 



(4.28) 
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In fact, in view of (4.2), (4.fl) and (4.18), on-slicll wc liave: 

2KQ[m] = / J^D^N dvA - [ y/^/D^N dvA+ 
JdSt JdSt ^^^= 

+ f J^D^NdvA+ I J^N-^DaND^N dv+ 
JdSt J St 

- I J^b^NdvA- f y^N'^DAND'^N dv = 
JdS, ^=^= J St 

= 1 (v^N'^DaND^N- ^/^N'^DaNMn) dv+ 

J Of 

+ 2 1 (V7£'^JV - V^D^n) dvA + J V^m^(^' (\;^p - ^m^^) dvA 
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(4.29) 



L 

On shell wc can set 



B[m] = {^N-^DaND'^N - y/^N-'^DAND^N) dv 

\ X (4.30) 

C[m] =2 [^D'^N - ^D^NJ dvA + V^N^""^' {^'u^c ~ 'uic) dvA 



so that one has Q[m] — (2k) ^ f /^, B[m] + J^g C[m] 

At this point one can require some extra condition in order to further simplify these expressions. 
One usually requires the metric and the reference metric to match at the boundary, so that, 
still at the boundary, one also has 7 = 7, while of course the derivatives of the metrics (and the 
relative connections) are not required to match. Under these further hypotheses one gets: 

CM^Vll'^^C'^ic-'uic) dvA 

C[rn] = B[m] + N^^^'' {\ic - ''uic) dvA (4.31) 

C[N] - 2^ {{Kc^ - K5^) - (kc^ - kS^)) N^ dvA 



If M ~ R"' and the reference metric happens to be Minkowski, if we use Cartesian coordinates 
for the reference metric, we have Ugu = 0, kAB = on the boundary and (4.31) give 



C[n] = ^ f Vll""^ '<C dvA =: MIj,,, 

C[m] ^^ f B[m] + M^o^ MJ^^, .^ ^ j N^^^^ ''uic dvA (4.32) 

C[N] = - / V7 (Kc^ - K6^) N^ dvA -: Padm 
« Jds, 



i.e. the standard ADM conserved quantities, though obtained from augmented covariant con- 
servation laws. 

Let us stress that our hypotheses are in any case weaker than the usual asymptotical flatness. 
Here we just require that the metric 5^^ goes to the reference 5^^ at space infinity, no matter 
how fast it goes. 

In fact in the literature there are a number of slightly different notions of asymptotically flat 
spacetimes. All of them require the dynamical metric g to match a flat reference metric g on 
the boundary dSt. However, they often differ on how fast this match is obtained. One defines a 
quantity r which approaches r — > 00 on dSf and the components of g — g (and their derivatives) 
are required to be infinitesimal of certain order as r — > 00. One needs to control also the 
derivatives since, of course, a function can be infinitesimal but with a derivative which is not. 
The order of infinitesimal required strongly depends on what exactly asymptotically flatness is 
required for, in particular which quantities one wants to control. 

Here we shall consider two different sets of hypotheses. First, we shall say that a spacetime is 
asymptotically flat (AF) when g — g scale as r^^, that first derivatives scale as r^^, and so on. 

We shall also consider BoM- asymptotically flat (BoMAF) spacetimes (see [28], [29]) that, 
to the best of our knowedge, is the prescriptions which are best suited for conservation laws 
and initial value problem. Field fall-off is considered to ensure that spacetime has no even 
supertranslations and still there are enough initial conditions to have a well-posed initial value 
problem. 
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Let S he a, space leaf, x' a global coordinate system and 7 the the metric induced on the space 
leaf. Let also also define r^ — Sijx'x^ . The spacetime metric g is said to be BoM-asymptotically 
flat (BoMAF) if (for r > 0) one has 

7y(a;) = % + i5y(f) + h,,ix) (4.33) 

where the function Sjj is an even smooth function on S^ (i.e. s,j(x) = Sij{—x)) and hjj falls off 
like r"^"^ (for some e > 0), the derivatives dkhij like r"^"' and so on. 



r 
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An even (odd) function is a function /(.x) such that 

■/(x) = /(Ax) VAeM+ ^^^^^ 

/(x) = /(-.x) {fix) = -fi-x)) 

Even functions will be denoted by s{x) while odd functions will be denoted by s{x). Derivatives 
of even (odd) functions are easily shown to be odd (even) . 

Moreover, the conjugate momenta 7r'-'(x) :— y/^ (X'-' — Kj'-') are tensor densities such that 

n''{x) = ^?^{f) + l^^{x) (4.35) 

where the function t'^ is an odd smooth function on 5^ and k'^ (x) falls off like r^^^*" (for some 
e > 0), the derivatives dmk^-' like r^^^^ and so on. The lapse and shift can be recasted as 

N{x)^N + k{'-)+n{x) N'{x)= N' + k\f)+n'{x) {N,N'eR) (4.36) 

where k and fc' are odd smooth functions on S'^ and (n, n') fall off like r^^ (for some e > 0), the 
derivatives (dtn^dkn') like r^^^*" and so on. 

These conditions (4.33), (4.35), and (4.36) will be hereafter called BoM-asymptotic flatness. 
Let us stress that BoMAF conditions arc stricter than AF conditions as far as the 3-metric is 
concerned (in view of (2.18), BoMAF dictates falling off as r^^ but with specific parity) but 
they are weaker about lapse and shift (e.g. BoMAF prescribes iV' ^ r^^ while AF prescribes 

N' - r-i) 

Both these definitions of asymptotically flatness are coordinate dependent; in the literature 
there are also intrinsic definitions (see, e.g., [30]). Of course the intrinsic definition is a better 
notion in GR and should be preferred with respect to coordinate definitions as the one we 
adopted here. However, we stress that here we are discussing ADM integrals which are obtained 
by pseudotensors. Precisely, we are obtaining pseudotensors by a (partial) gauge fixing of the 
coordinate freedom. As usual when one performs a partial gauge fixing, a preferred class of 
transformations parametrizing the residual gauge freedom is automatically selected and, in view 
of this breaking of covariance, physical quantities cannot be expected to be manifestly generally 
covariant. In this context we need to use coordinate dependent notion of asymptotically flatness, 
since the intrinsic one would not respect the partial gauge fixing we have been doing. 

In the following Section we shall see that the same result holds under various set of hypotheses 
starting from different expressions. 
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5. Pseudotensors 

Reference fields are not very popular in literature so that one often tries to avoid them. Despite 
it is "well-known, also in Newtonian Physics, that absolute energies cannot be endowed with a 
meaning and that only relative energies are well-defined physical quantities, people like absolute 
prescriptions in GR. One way to get rid of the reference metric is to choose the observers for 
which reference contributions vanish. To this purpose, let us consider the following quantity 

Q'm = :^ f E[^] + l- I A'[^] (5.1) 

with 

m\ = V9 (3""=^?<. - i"R) ds^ A'K] = V55''''r< ds^p (5.2) 

One can fix the reference background so that E[£] — 0, and the coordinates in such a way that 
one has u^,^ = at the boundary. For instance one can fix Minkowski metric as a reference 
and asymptotically Cartesian coordinates in which the reference metric is constant and its 
Christoffell symbols vanish. Under these assumptions this is equivalent to augmented conserved 
quantities. However, choosing coordinates corresponds to a partial gauge fixing which breaks 
general covariance. In fact, uj^,^ is not a tensor and hence the boundary correction is not a 
scalar. The reference field was originally introduced exactly to covariantize this quantity; see 
[18]. 

The first term E\^] splits as above while the second term A'[^] splits as (4.14), though without 
hats. The quantity Q'[^] has then a bulk term which vanishes on-shell, plus a boundary current 
C"[^] which receives a contribution from the Noethcr current E[S] and a contribution from the 
boundary correnction A' [^] . Accordingly, for £, = n one gets 

Q'[n] = M2o,, + ^ / C'[n] (5.3) 

where we defined the extra current 

C'[n] = -y/^N-^ {D'^N + N-^doN"^ - N-^N^dBN"^) dvA (5.4) 



In fact, in view of equations (4.2) and (4.19), one has Q'[n] = (2k) Jgg Q'[n] and: 
Q'[ff] =^NZh)^dvA + V7 ( i:^u^) - 2N-^D^N - N'^chN^ + N-^N^dpN^\ dvA+ 



^ { \ JV-2iV' JV'd;a7] + 1 7^^akc"f | + 1 7^^4diJ«f | ) dvj, 



(5.5) 



=y^l (^«^) dvA - v/7 (n'^D^N + N^'^d^N'^ - N^'^N^dBN^) dv^ 
wiiere tiie framed terms vanish wiicn one uses adapted parametrizations (a*, = &\). 



Under AF assumptions, since the metric approaches Minkowski at the boundary, the shift A^' = 
(jrO« ^ r"^, A^ — 1 ~ r"^, and one has ^J^dvA ~ r'^- Accordingly, terms like y/jN^'^N^dsN^ ^ 
r^^ and the corresponding integral vanishes at the boundary. Under the same assumptions, 
y/^N^^D^N ^ 1 and y/jN^'^d^N^ ^ 1 and the corresponding integral in general does not 
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vanish. Of course in particular situations one can obtain better behaviours, e.g. when the shift 
is time independent. 
In the case of AF solutions the quadratic term in the shift does not contribute and one obtains 



2k JdSt 



-Ij i\tA 



doN"") dvA (5.6) 



Under BoMAF assumptions, analysis needs more details. In this case one has to consider 
lapse and shift fall-off (4.36) together with the matching condition g = g a,t the boundary and 

the Minkowski limit for g. Then one has N — 1, N' ^ (as well as k{x) ~ and k'{x) = 

identically). Then one has y/jN-^N^dsN^ ^ r^-' . Similarly, one has ^N'^D^N ^ r^"" 

and y/jN^^doN^ ^ r^^'' . In other words, under BoMAF assumptions all terms contribute (and 

singularly diverge!) and the current is not reduced: Q'boMAfI''^] — Q'[^] given by (5.3). 

For (, — N one gets 

Q'[N]^Padm + ^ I C'[N] (5.7) 

2k JdSt 

where we defined the extra current by 

C'[N] = V^iV-i ((JoA^^ - N'^diN') dvA (5.8) 



In fact, in view of equations (4.3) and (4.16), one has Q'[N] = (2k)"1 /^^ Q'[N] and; 
Q'[N] = {2Kc^N^ + N-^5^fN^\ dvA - ^N'' hx + N'^diN^\ dvj = 



=2^ (Kc^ - K5^\ N'^ dvA + ^/lN''^ U'qN'^ - N^diN'-) dv^ 



(5.9) 
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In the case of AF solutions the quadratic term in the shift does not contribute and one obtains 

Q'afW] = Padm + ^ f ^iN-HqN^ dvA (5.10) 

2k J as, 

with the integrand going as ^N^^5i)N^ ^ 1. 

Again under BoMAF assumptions one has the extra current unchanged Q!boMAf[^] — Q'[A^] 
given by (5.7). In general both integrand terms diverge. 

If the extra current docs not vanish there are corrections which are necessary to obtain rea- 
sonable results. We shall discuss this on a specific example below. We stress that standard 
expressions for ADM quantities are checked on specific simple examples in which one already 
knows which mass and momentun is reasonable to expect. Only examples can validate or reject 
prescriptions for conserved quantities. We shall discuss some example and interpretation below. 

Less severe (and known in the literature: sec [11] and references quoted therein) hypotheses 
are required if one considers the conserved quantity 

Q'N = M^Xdm + ^ f C'[m] (5.11) 

2k Jds, 

where we defined the extra current as 

C[m] = y^N-'^ (doN^^ - N^dBN"^) dvA (5.12) 
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In fact, one has: 
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2KQ'[m] = / ^NDa{N'^D^N) dv + f ^N {^u^^ A'A+ 

^ / J^{2D^N + N-^d^N^ - N-^N^dgN^\ dvA + 
JdS, ^ ' 

+ / J^D^Ndvj^+ [ J^N-^D^ND^N dv = 
JdS, Js, 

= f d{^D^N dvA) - I ^N-'^DaND'^N dv+ I ^N (3„^) dvA+ (5.13) 

- / J^(2D'^N + N'^dQN^ - N'^N^duN^^ dvA + 
■las, ^ ' 

+ / J^D-''NdvA+ f J^N-^DaND-^N dv = 
JdS, Js, 

= [ \/7^ f^"'^) dvA - / v/7 (N'^dnN"^ - N^'^N^duN'^) dvA 

JdS, ^ ' JdS, ^ ' 

In the case of AF solutions the quadratic term in the shift does not contribute and one obtains 
Qlaf¥A = M'^DM + ^ f VlN-'doN^ dvA (5.14) 

The extra current C"[m] is now controUed by the shift only, since it does not depend on the 
derivatives of the lapse, contrarily to C'[n\. However, it may be non-zero even for asymptotically 
flat metrics owing to the term d^N-'^. 

Again under BoMAF assuptions the extra current is generic: QboAIAf[''^A = Q ["^] ^^ given by 
(5.11). 

We can now easily obtain again the result of [11] by computing the boundary Hamiltonian 
n = Q'[do]: 

n = Q'[m] + Q'[N] ^^ f Hrt + ^ [ C'[m] + C'[N] (5.15) 

2k Jos, 2k Jqs, 

where we defined the Regge-Teitelboim boundary Hamiltonian 

Hrt = V^N (^u^) dvA + 2^7 {Kc^ - KS'^) iV^ dvA (5.16) 

and the extra current 

C'[do] := C'[rn] + C'[N] = ^7^"^ {N^dsN"^ - N'^dsN^) dvA (5.17) 

In fact, one has: 
2k'H 



f ^N {'^u^) dvA - f VlN-^ (SaN-'' - N^dgN^) dvA+ 
JdS, ^ > JdS, ^ > 

+ 2 / J^i [Kc'^ - Ki^ N'^ dvA + I VlN'^ (SaN-^ - N^diN') dvA ■ 
JdS, ^ ' JdS, ^ ' 

I ^N{^u^)dvA + 2J ^[Kc^-K5^)n(-' dvA+ 

+ f J^N'^ (w^duN^ - N^duN^) dvA 
JdS, ^ ' 



(5.18) 
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The full Hamiltonian receives a (vanishing on-shell) bulk contribution from the Haniiltonian 
constraints, a contribution from the Regge-Teitelboim boundary Hamiltonian (see [10]) as well 
as a boundary contribution from the extra current C"[9o] (see [11]). The extra current can be 
controlled only by spatial derivatives of the shift. This extra term vanishes for AF solutions, 
but if the metric does not meet the fall off prescription for asymptotically flatness, as in the 
case of BoMAF, these corrections still guarantee the correct results. We shall see this below in 
an example. 

To summarize, we have shown how the standard ADM mass and momentum can be obtained 
from Nocther theorem, associated to n (or m) and N, respectively, provided some extra hy- 
potheses are imposed; one can cancel the extra terms using a matched reference or using the 
pseudotensor (5.1) when hypotheses (stricter than asymptotical flatness) are imposed. The 
Hamiltonian is a particularly lucky case since in that case asymptotical flatness is sufficient for 
ADM mass and momentum as well. 

Before considering examples, we shall show how asymptotically flatness becomes in fact suffi- 
cient if one requires do to be a Killing vector. The Killing equations for S, = do = m + N are 
hence 



' v"?° + v°e° = 



> doN = 

D'N + N^'Kk' - {D'N + K'':kN^) - N'^SoN' = 
D^JN'^ + NK'^ =0 => dojtj = 



doN' = 



(5.19) 



For ^ -. 



wc have 



V0?0 = -N- 



1 (SgN + n'^'D^n) = -N-^doN 






iV^l^oiV 



(5.20) 



If Killing equations hold true, then the time-derivatives of the lapse and the shift vanish and 
AF is enough to control the extra currents in the mass and in the momentum. 

Of course in case of BoMAF hypotheses, extra control on the terms quadratic in the shift is 
needed. 

We stress, however, that we did not use all Killing equations to obtain control; hence also here 
the vector ^ — do does not need to be necessarily Killing, while this is certainly a sufficient 
condition. 

Moreover, with specific solutions, one could also do better than this. For example, for a 
specific solutions and foliations the shift may happen to fall off faster than prescribed, which 
in particular allows to obtain control on all these quantities. 
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6. Examples 

As long as different prescriptions for conserved quantities give the same result they of course 
enforce one another and the choice is a matter of taste which may depend on easy calculability 
or on how strictly they implement fundamental principles. In the previous Section we presented 
a number of sets of hypotheses which ensure, in different situations, that standard expressions 
for ADM are recovered from covariant conservation laws. However, one should not be too fond 
on standard expressions, expecially outside the scope in which they have been derived. 

When different prescriptions provide different results one can really judge which one, if any, is 
still valid and which one is not. Here we shall consider the Schwarzschild solution in different 
coordinates and apply all the above prescriptions and compare them. Let us remark here that 
Schwarzschild is one of the relatively few cases in which the Newtonian limit is quite well- 
understood and one can make a comparison with classic definitions. Hereafter we shall use 
Maple Tensor package (see [31]) for explicit calculations. 

The Schwarzschild metric in pseudo- Cartesian coordinates (i, x, y, z) reads as 

g = -f{r)dt^ + dx^ + dy^ + dz^ + ^„ ™ ^ {xdx + ydy + zdzf (6.1) 

/^(r)H 

where we set P{r) ~ 1 — 212 and r^ = x^ + y'^ + z^ . We arc here considering the spacetime region 
with r > 2m; the ADM foliation is given by the projection on coordinate time t and fibers are 
St = {a;" — t\. The boundary region where we shall perform all integrations is the space infinity 
r -^ oo. We have the normal unit vector n = f^^{r)d[); which means lapse A'' = /(r) and zero 
shift N = 0. The extrinsic curvature is Kij ~ jK^olij = 0- 
The corresponding standard ADM mass and momentum (4.32) are 

MToM^rn'-^m (6.2) 

Padm = 

The corrected ADM prescription (5.3), (5.11), (5.7) are: 

Q'[n] = mN-^ - imA^^ '-^ |m 

Q'[m] = m — ^ TO (6-3) 

Q'[N] - Padm = 

The Hamiltonian (5.15) gives: 

^ = MTdm + Padm = m'^ m (6.4) 

since the shift is zero. 
The reference metric can be chosen to be the limit of (6.1) for m — > jtiq, i.e. 

9 = -foir)dt^ + dx^ + dy"^ + dz^ + ,n^!'\j xdx + ydy + zdzf (6.5) 

where we set /d(r) = 1 ^. This is of course Minkowski metric when mo ~ 0. The two 

metrics match at r — > oo. They define the same asymptotic lapse and shift. The augmented 
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conserved quantities (3.1) are 

Q\n\ — > \\m — mo) 
Q[do] =Q[rn] "^ m~ rriQ (6.6) 

Q[N] = 

All this is quite standard; we are in quasi- Cartesian coordinates and with an asymptotically 
flat solution. The shift is zero and Sq is a Killing vector. All hypotheses made above are met 
and all prescriptions presented above agree. Notice that one has E[rn\ = 0, while one has 
E[n\ — --Da {\/^N^^D^N\ which accounts for the fact that the pseudotensor for to behaves 
better than the pseudotensor for n. In any event the augmented conserved quantity produces 
the correct result. 

The bulk contribution for ^ = n of tlic reference metric is; 

m =v^ (7^^£^t^%B + £fiUi^QA - R) dv = 

=\Pi {n^^ {i^^ShKab - DaD'^n) + N'^SqK - N^'^DaND^n) dv = 

^ ^ ' ' (6.7) 

=V^ {^'^ [k)^ + "iNKABK"^^ - DaD^N^ + N^'^S^K - N^'^DaND^N] dv = 

= \P) (iV^l (250/1' + 2NkABK"^^) - Da (n-'^D'^n) - 2N-'^bANb^N\ dv 

Considering that Kab — ^'id that, even under tlie milder assumption of BoMAF, the term 
-2N-'^bANb^N falls off like r^^-f one has that E[n] = ~bA (■^N-^b^N\ . This is, in view 
of Stokes theorem, a boundary contribution and it was exactly responsible for the deviation found 
in Q'[n\, sec (6.3). 
For ^ = in one has 

E[m\ =v^ (7^^i^,n^%S + £m^^OA - R) *' = 

=V^ {l^^k)KAB - N'^SoNK + SqK + N^'^SgNk) dv = (6.8) 

=2v^ (Sok + NKabK^^) dv = 

where we used the fact that the extrinsic curvature is vanishing. 
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Let us now check what happens when we consider different coordinates. In view of the gen- 
eral covariance principle (moreover, in its weaker formulation about passive changes of coordi- 
nates) one would expect reasonable physical quantities to be unaffected, provided the coordinate 
change is globally defined in the same integration domain (as it will be in all cases considered 
hereafter). The Schwarzschild metric in standard (quasi-polar) coordinates (i, r, 0, 0) reads as 

g = -f{r)di^ + r^{r)dr'^ + r'^dn^ (6.9) 

with /^(r) = 1 — 2!Zi_ The relation with previous quasi-Cartesian coordinates reads as 

( t = t 

X = rsin(6') cos((b) 

(6.10) 
y = r sin(0) sin(0) 

^ z = rcos(6') 
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We are here considering again the spacetime region with r > 2m; the ADM fohation is given as 
above since we did not change coordinate time. We have the normal unit vector n = /^^(?')9o; 
which means lapse N = j{r) and zero shift iV = 0. The extrinsic curvature (being a tensor) is 
again zero. The corresponding standard ADM mass and momentum (4.32) are 

^7bm = -rf{r) "^ - oo (6.11) 

Padm = 

Since these are not tensor objects it is no surprise that their values are different from the 
corresponding quantities in quasi- Cartesian coordinates. 

The corrected ADM prescription (5.3), (5.11), (5.7) are: 

Q'[m]=M'^j,,/^ -^ (6.12) 

Q'[N] = Padm = 

In fact the contribution of the reference metric (also for toq — 0) in polar coordinates is definitely 
non-zero; on the contrary, it scales as r — ^ oo, and, in view of its relation with augmented 
conserved quantities, one does not expect Q'[^] to be meaningful or finite in these coordinates. 

The Hamiltonian (5.15) gives: 

n = M"^j,,/^ - ^ (6.13) 

since the shift is zero. If one keeps considering the reference contributions then one obtains the 
expected finite result for the Regge-Teitelboim Hamiltonian also in these coordinates. 

The reference metric can be chosen to be the limit of (6.9) for m — > toq, i.e. 

9 = -.fl{r)de + fo-\r)dr^ + r^d^^ (6.14) 



where we set fo{r) — y 1 7^- This is of course Minkowski metric when tuq = 0. The two 

metrics match at r = 00. This reference induces the same lapse and shift at the boundary dSt- 
The augmented conserved quantities (3.1) are 

Q[n\ '-^ iim~ Too) 

Q[m]'^-^m — Too (6.15) 

Q[N] = 

Here the corrected conserved quantity £ and C[n] still provide the expected result despite 
standard ADM expressions fail since their hypotheses are not satisfied. In these coordinates 
the reference contribution cannot be neglected since u" is not zero; in fact it diverges on the 
boundary. This explains why MJJ^^j^, M^j^j^^, Q'[n] and Q'[rh] diverge. Since d^ is a Killing 
vector and the shift is zero, one can expect Q'[rn] — M^j^j^^. Finally, covariance accounts for 
the fact that augmented conservd quantities are the same as in quasi-Cartesian coordinates. 

We can now change again coordinates and choose 

T = t + V2^ [ ^f ry = rsin(0)sin((/)) 

J r-2m -^ (6.16) 

■ /n\ ^j,\ z = rcos(9) 

X = r sin[0) cos[(p) '^ ^ ' 
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In these new coordinates (r, x, y, z) the Schwarzschild metric reads as 

g = -rfr^ + 5,j idx' ± y^x'dr j (dx^ ± y^x^dr j (6.17) 

where r^ = [x^Y + [x^Y + (a;'^)^- Since we changed coordinate time we are now using a different 
foUation t = constant. In this case we have N"^ = 1, 7y = (5y and A^' = ±^/^x'. This 
shift does not meet the faU-off prescription usually required for AF, while they meet BoMAF 
prescriptions though with some extra parity conditions. Notice that the shift vector is still 
time-independent. The extrinsic curvature is now 

/2to /^ 3xiXj\ ,„ ,„, 

Of course, K is a space tensor and does not depend on coordinates, but now that we are 
changing ADM foliation it refers to other space manifolds in M. 

Since the space metric is jij — Sij and iV = 1, the quantity ^uf- vanishes and we find 

r M2^,, = M^^,, = 
\ Padm '-^ 2m 

Again no much surprise that we get different results since these are conserved quantities mea- 
sured by different observers. 

When extra currents are taken into account one gets for the mass 

Q'[n] - Q'[m] - / ^N'd,N'dvk ''-^ - !^ (6.20) 

JdSt 4 

while for the shift 

Q'[N] = Padm - / V^N'd.N^dv, ^^2m-^ = ^ (6.21) 

This recovers the Hamiltonian found in [11] 

H = -- + — = m^ M^j,,, + Padm (6.22) 

which is correct. Notice that the extra currents are essential for getting the correct result; 
without extra currents the Regge-Teitelboim boundary Hamiltonian would produce wrong result 
-^ADM + Padm — 2m, according to the fact that the metric expression (6.17) is not AF. 
The reference can be chosen as 

g = -dr"^ + % (dx' ± y^xMr j (dx^ ± ^J^xUt\ (6.23) 

This defines the same lapse and shift at space infinity, and for m^ = it reduces to Minkowski. 

Augmented conserved quantities associated to n = m and N and the reference (6.23) for 
m-o — are: 

' Q[n] ^ Q[m] '^ "" 



gj^j,^5m 
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^ (6.24) 



Again augmented conserved quantities reproduce the correct mass, momentum and Hamilto- 
nian, also in this case when the solution is not asymptotically flat. The augmented conserved 
quantity associated to dr = m coincides by definition with the Hamiltonian. 

Here we are outside the scope of the definition of ADM quantities. In the chosen coordinates 
the solution is not manifestly AF. If we accept as a coherence check that H = MJjjj^j+Padm, the 
standard ADM quantities define the Regge-Teitelboim Hamiltonian density which is manifestly 
affected by an anomalous factor problem. On the contrary, the corrected ADM quantities (Q'[?i] 
and Q'[./V]) define the expected Hamiltonian with no anomalous factor. Moreover the corrected 
ADM quantities coincide with the value of the augmented conserved quantities which once again 
provide the correct result in a covariant way that, in the form (3.1), is even independent on the 
foliation machinery. 



7. Conclusions and Perspectives 

The ADM mass and momentum of Schwarzschild spacetime are obtained as Noethcr quantities 
associated to particular symmetries. We found that ADM mass is associated to the normal unit 
vector n of the foliation, while ADM momentun is associated to the shift N. This is true in 
pseudo-Cartesian coordinates, but it remains true also in pseudo-spherical coordinates provided 
one uses a matched reference to suitably compensate the infinities. Notice that the prescriptions 
based on pseudotensor here fail. 

The relation of ADM pseudotensor with covariant conservation laws allows us to trace exactly 
which hypotheses are needed to reduce the covariant quantities to the ADM pseudotensor. 
These hypotheses include also the definition of preferred observer (the one associated with the 
frame e^ used as symmetry generators). ADM conserved quantities emerged as the covariant 
quantities measured by those preferred observers, accounting explicitly for non-covariance. 

The extra hypotheses required emerge from the need of cancelling terms which one wish to 
get rid of. We pointed out that different terms can be cancelled using different techiques: by 
restricting symmetry generators to Killing vectors or by cancelling contributions from dynamical 
fields with contributions from reference field (which in this case are required to match) or by 
restricting asymptotic behaviours. 

All these techniques are legitimate in particular contexts. However, we stress that when one 
discusses conserved quantities from a fundamental viewpoint one cannot forget that a generic 
solution in GR has no Killing vector to be used and different asymptotics provide different 
equally physically legitimate sectors of the theory. Of course Killing vectors or asymptotic 
behaviours can be used in specific situations, though matchings, when viable, provides in our 
opinion a preferred, generic, covariant tool. 

Future investigations will be devoted to consider if the standard treatment inspired to SR 
and energy-momentum tensors can be reproduced for ADM quantities and one can take advan- 
tage from the techniques developed for covariant conservation laws (for example to discuss the 
relation between energy-momentum tensors and Hilbert stress tensors; see Appendix A). 
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Appendix A. Conservation Laws in Special Relativity 

In Special Relativity (SR) the standard treatment of conserved quantities is based on structures 
which do survive when one tries the extension to GR. The same simple notion that 4-momentum 
is a Lorentz vector cannot be extended in any way to GR. This can be easily seen by tracing 
the procedure of SR using the language to be used in GR; in other words we can try and 
regard SR as a special solution of GR with the Minkowski metric g ~ rj which being flat is 
trivially a solution of Einstein equations. We stress that this is equivalent to treat Minkowski 
spacetime as a Lorentzian manifold (which happens to be isometric to M ) instead of using its 
affine structure. Accordingly, one should systematically mind the difference between points in 
M and its tangent vectors. 

For simplicity, we shall consider a Klein-Gordon (KG) matter field; this is simpler than the 
general case but it is sufficient to simply make most of our points. KG scalar field is a section 
of the configuration bundle M x M with coordinates {x'^ , (j>) . The KG Lagrangian is 

where (j)ij^ = V^j0 denotes first derivatives of KG field. The momentum densities are 

dL dL dL 

^"'^ " 9^ " ^ (V5'/>M0^ - Lrag,.^) p"' - -^ = ^/50'' P = -^ = -^/5mV (^-2) 

The variation of the matter Lagrangian reads as 

5Un = 4H,Jg"'" + EScf> + V, {p"'5<i>) {A.i) 

where we defined the KG tensor density 

E = p-V,,p"' = -^{U(t> + rr?4>) {AA) 

which represents field equations E ~ Q for the KG field (thus, by definition, it vanishes on-shell); 
the Hilbert stress tensor H is defined by p,i,v — -^iJ^^. It is defined to be a symmetric tensor. 
When one couples to gravity in GR, matter acts as a source of gravitational field through H^^. 
In literature this is often called the energy-momentum tensor while we shall use that name for 
a different quantity coming from Nocther theorem which only in special cases (one of which is 
in fact KG matter field) coincides with the Hilbert stress tensor. 

One can prove the covariance identity which holds true for any spacetime vector field ^ 

V,, ieLm) = fH„„£^g"'' + p£^(t> + p"£^(t>,, (A.5) 

which can be easily proved by simply expanding Lie derivatives 

i;?/" = -(V"r+VT) £i<t>^C<Pa £«0M = rV^0a + V^eVa (A6) 

The covariance identity can be recasted as Vp£'^[^] = —^Hf,,j£(^g'^'' — E£^(j) by a suitable 
covariant integration by parts where we set 

£[^] = £"[C] ds, = {p"£^^ - e'Lrn) ds, = ^TiiC ds^, (A.7) 
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for the Noether current. The tensor T^ is more appropriately called energy momentun tensor^ 
we shall comment later about its relation with iJ^^. 

In a general SR situation this Noether current is not conserved; in fact one has E = Q on-shell 
but iJ 7^ 0, so that one has 

d£[i] = ^H.aig'"' {A.%) 

This extra term on the right hand side is the direct consequence of the fact that Minkowski 
metric in SR does not obey field equations and it is instead imposed as a frcezed structure on 
spacetime. In GR one couples with gravity, Hilbert Lagrangian contributes by a further term 
which, together with matter contribution, factorize Einstein-matter field equations and they 
together vanish on-shell. This cancellation cannot be obtained in SR. However, if one restricts 
to consider Killing vectors for the metric (i.e. £^g = 0) then the right hand side vanishes and 
Noether current is conserved. In this case one can define the conserved quantities 

Qm = / m = / n^dv (a.9) 

which are conserved since the Noether current is conserved (this time not because of field 
equations though thanks to Killing equation). In Cartesian coordinates, for S, — do one defines 
the energy Pg = Q[do], while for £_ = 9, one defines the momentum P,; = Q[9,:]. Of course, there 
are infinitely many Cartesian coordinate systems. Lorentz transformations change Cartesian 
coordinates the quantities P^ — (Po,P,:) transform as a Lorentz vector. However, let us stress 
that Pp are integral quantities which are not associated to any particular point of Minkowski 
space. It is only using the affine structure of Minkowski space that one can define a free covcctor 
P = Pijdx''; this is not a vector field (the components are numbers not functions) nor a tangent 
vector to some point of Minkowski. It is only in view of integrability of parallel transport on 
Minkowski (which holds true ifi^ the metric is flat) that one can define constant vector fields to 
be identified with free vectors. We stress that on a generic Lorentzian manifold there is nothing 
like that. 

The properties of energy- momentum tensor are obtained by considering the identity (A. 8). 
Expanding both sides one gets 



VpT,i^ - 



TH = H't 




{A.W) 



In this way one can prove that the energy-momentum tensor T is conserved, it is symmetric 
and it coincides with the Hilbert stress tensor. 

For more general matter fields (e.g. the electromagnetic field) the Noether current is in the 
more general form 

The conservation law implies then on-shell 

Ti^ + V^Tli^^W^ (A12) 

v^n^ = 
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U = ^TifCdSfu. (A. 14) 



where we used the fact that in Minkowski spacetinic covariant derivatives commute. Again 
we have conservation, but the energy-momentum tensor and the Hilbert stress tensor differ 
considerably. The second item, however, provides the relation between these two tensors in 
terms of the higher order tensor T^^'^ (which is skew in [nv\). 

One can integrate (A. 11) by parts 

which in view of antisymmetry defines the superpotential (which is vanishing for KG La- 
grangian) 

The superpotential defines conserved quantities as boundary quantities and controls the relation 
between the energy-momcntuni tensor and the Hilbert stress tensor; in particular it tells us how 
to build a symmetric tensor _ffp,y out of the energy- momentum tensor T,;^ which is not symmetric 
in general. 

To summarize, one cannot expect to be able to define anything like a 4-momentum tensor, nor 
to control its transformation rules with respect to Lorentz transformations (which are not even 
defined in GR). Of course, in the case of AF solutions, one can repeat the SR argument at infinity 
where one can define asymptotic Cartesian coordinates, asymptotic Lorentz transformations, 
asymptotic Killing vectors and asymptotic free Lorentz covariant 4-momentum covector. On 
the other hand, in GR general covariance considerably improves conservation laws which hold 
in general without any need of requiring Killing vectors. 



Appendix B. Frequently Made Comments about Conservation Laws in GR 

Covariant conservation laws are not conservation laws 

This argument goes back to Einstein who also gave a physical explanation of non-covariance 
in term of equivalence principle and interaction energy; see e.g. [32] page 126. 

When the argument is expressed as a general statement [Covariant conservation laws cannot 
be conservation laws) it is wrong and based on a wrong understanding of what one should mean 
by "covariant conservation laws" . 

In fact, it is obvious that in order of having a covariant conservation law the current £ must 
be an object for which covariant derivative is defined, i.e. a tensor or tensor density object. 
Applying the argument to pseudotensors is based on a wrong definition of covariant derivative. 

If £'' is a tensor then of course covariant conservation law is not a continuity equation (due 
to the connection term which acts as a source). However, if the current is a tensor density of 
weight 1, i.e. £ = y/g£'^dSfj,, then the covariant derivative must be modified by a further term 
originated by the density character 

V. (Vfff") = d, i^£") + Tl^£' - Tl^£'^ (B.l) 

This last terms is needed to make V^ (^/g£'') a tensor density. The covariant conservation laws 
is thence 

V, {^£") - d, i^£") + r'^,v^£:^ - Tl^£'^ EE d, i^£'^) (B.2) 
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exactly a continuity equation (we are assuming a torsionless connection). 

In other words, this argument instead of ruling out covariant conservation laws, does in fact 
show how one should require currents to be vector densities, i.e. (m — l)-forms. By the way 
(to — l)-forms is what Noether theorem naturally produces as currents. 

Conserved quantities must be expressed by pseudotensors since they are not ob- 
server invariants 

Of course, energy is not observer invariant nor covariant; also in Special Relativity it is the 
zero component of a 4-vector, namely the 4-momentum vector. In Appendix A we summarized 
the standard treatment of (Lorcntz) covariance of the 4-momentum in SR, stressing the issues 
which will turn meaningless when passing to GR. The very notion of a Lorentz free vector is 
tricky to be extendcnd to GR. 

In any event, aiming to a covariant prescription for conserved quantity does not mean to obtain 
an invariant (or covariant) quantity. Covariant quantities do in fact depend on the observer since 
different observers evaluate them along different vector fields and integrate them along different 
spatial submanifolds; sec [25] . Moreover, in view of augmented variational prescriptions (see 
[12]) different observers may choose different backgrounds (see [24] and [25]) and different 
control variables (see [8]). 

We stress once again that integrating generic pseudotensor objects does explicitly depend on 
coordinates and hence it directly contradicts the general covariance principle (not only manifest 
general covariance good looking rule). Of course this does not completely rule out pseudotensor, 
but requires that when pseudotensors are used an explicit fixing of coordinate gauge and a 
physical motivation for it should be provided. Just in the same way as in electrodynamics one 
can use the wave equation, but just after defining Lorentz gauge and showing that one can 
perform Lorentz gauge fixing in the generic situation. 

Killing vectors are necessary to define covariant conservation laws 

They are not. Komar superpotential was originally defined for a timelike Killing vector but it 
defined a strong conservation laws for any spacetime vector field; that is £ = 2Vp (y^V"^'') dsa 
is always covariantly conserved; see [13]. This is quite strightforward to be proved directly and 
indipendently of any theoretical approach. 

Augmented conserved quantities provide a whole set of examples of strong conservation laws 
which can be applied when no Killing vector exists. The Hilbert Lagrangian is generally co- 
variant, it is hence natural to expect a conservation law attached to any symmetry generator, 
i.e. to any spacetime vector field. 

The "myth" of Killing vectors was originated by a continuous deformation of arguments used 
in SR, where the metric structure is fixed and hence it must be preserved. This is exacly what 
GR left behind of SR and why GR is a more fundamental framework than SR. 

Of course GR expressions can be often simplified if a Killing vector is assumed, but in view 
of the general covariance principle one cannot rely on it at a fundamental level. Just as for 
pseudotensors it can be used in special situations but not in the generic case when there is no 
Killing vector at all. 
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Matching with the reference is the same as asymptotical flatness 

This is not the case. Asymptotical flatness is a stronger request than the matching with 
Minkowski. Asymptotic flatness requires particular fall off constraints (which by the way are 
coordinate dependent) while matching simply requires that the metric becomes the reference 
metric at the boundary, with no particular fall-off required. 



Appendix C. Different routes from covariant conservation laws to ADM 

Let us here summarize the relation between the different quantities defined above. 



Augmented Conserved Quantities 


quasi-Cartesian coordinate 


5 




No reference (NRCQ) 




SK] see (3.1) 








S'K] see (5.1) 




adm;; 




-tr 




i = do 




;;adm 




ADM decomposition of ACQ 

Q[n\ see (4.25), 

Q[N\ see (4.27), 
Q[m] see (4.30) 




n 

see (5.15) 




ADM decomposition of NRCQ 

Q'[n] see (5.3), 
Q'[N] sec (5.7), 
Q'[m] sec (5.11) 






AF 








Matching 








,AF 






^ 


' 












Corrected ADM CQ 
Q!^p\n\ see (5.6), 
Q!j^p\^\ see (5.10), 
Q^^[iV] see (5.14) 






Relative ACQ 
C[i\ sec (4.31) 




see (5.16) 








\^ 














^v^F 


^^^(9q Killing 


^ 


^^ 






Standard ADM Quantities (ADM) 
CK] see (4.32) 





(C.\) 



Let us just remark that, for example, Q[n] depends both on the metric and the reference. 
However, if one simply forgets about the reference contributions to Q[n] (as in the spirit of 
pseudotensors where quasi- Cartesian coordinates are chosen in order to kill the contributions 
from the reference) then Q'[n] is not obtained. In fact, in computing Q'[n] we first performed a 
number of cancellations between metric and reference terms and then forgot about the reference. 
Forgetting about the reference at first leaves some metric contributions uncanceled. In other 
words, we could say that making the ADM decomposition and forgetting about the reference 
are two "non-commuting operations" . 



Acknowledgments 

This work is partially supported by MIUR: PRIN 2005 on Leggi di conservazione e termodi- 
namica in meccanica dei continui e teorie di campo. We also acknowledge the contribution of 
INFN (Iniziativa Specifica NA12) and the local research founds of Dipartimento di Matematica 
of Torino University 



38 



References 

[I] L.Lusanna, Post-Minkowskian Gravity as a Relativistic Inertial Effect?, talk at the 1st Mediterranean Conference 
in Classical and Quantum Gravity, held in the Orthodox Academy of Crete in Kolymbari (Greece) from Monday, 
September 14th to Friday September 18th, 2009; arXive: 0912.2935) 

[2] D.Alba and L.Lusanna, Charged Particles and the Electro- Magnetic Field in Non-Inertial Frames: I. Admissible 
3 + 1 Splittings of Minkowski Spacetime and the Non-Inertial Rest Frames, (in press on Int. J. Geom. Methods in Physics); 
arXhive: 0908.0213 

[3] D.Alba and L.Lusanna, //. Applications: Rotating Frames, Sagnac Effect, Faraday Rotation, Wrap-up Effect (in 
press on Int. J. Geom. Methods in Physics); arXhive: 0908.0215 

[4] D.Alba, H.W. Crater and L.Lusanna, Towards Relativistic Atom Physics. I. The Rest-Frame Instant Form of 
Dynamics and a Canonical Transformation for a system of Charged Particles plus the Electro-Magnetic Field, (in press 
on Canad.J.Phys.); arXhive; 0806.2383 

[5] D.Alba and L.Lusanna, The York Map as a Shanmugadhasan Canonical Transformation in Tetrad Gravity and 
the Role of Non-Inertial Frames in the Geometrical View of the Gravitational Field, Gen.Rel.Grav. 39, 2149 (2007) 
(gr-qc/0604086, v2) 

[6] D.Alba, H.W. Crater and L.Lusanna, //. Collective and Relative Relativistic Variables for a System of Charged 
Particles plus the Electro- Magnetic Field, (in press on Canad.J.Phys.); arXhive: 0811.0715. 

[7] D.Alba and L.Lusanna, The Einstein-Maxwell-Particle System in the York Canonical Basis of ADM Tetrad Gravity: 
I) The Equations of Motion in Arbitrary Schwinger Time Gauges., arXivc: (0907.4087) 

[8] C. M. Chen, J. M. Nestor, Quasilocal quantities for GR and other gravity theories. Class. Quant. Grav. 16 (1999) 

1279-1304; 

C.-M. Chen, .J.M. Ncstcr, Gravitation & Cosmology 6, (2000), 257 (gr-qc/0001088) 

[9] R. Arnowitt, S. Dcscr and C. W. Misner, in: Gravitation: An Introduction to Current Research, L. Wittcn ed. 
Wyley, 227, (New York, 1962) 

[10] T. Reggc, C. Tcitclboim, Annals of Physics 88, 286 (1974). 

[II] M. Ferraris, M. FrancavigUa and I. Sinicco, II Nuovo Cimcnto, 107B,(11), 1992, 1303 

[12] L. Fatibene, M. Ferraris, M. Prancaviglia, Augmented Variational Principles and Relative Conservation Laws in 
Classical Field Theory, Int. J. Geom. Methods Mod. Phys., 2(3), (2005), pp. 373-392; [math-ph/0411029vl] 

[13] L. Fatibene, M. FrancavigUa, Natural and Gauge Natural Formalism for Classical Field Theories, Kluwcr Academic 
Publishers, (Dordrecht, 2003), xxii 

[14] L. Fatibene, M. Ferraris, M. Francaviglia, M. Godina, A geometric definition of Lie derivative for Spinor Fields, 
in: Proceedings of "6th International Conference on Differential Geometry and its Applications, August 28-September 
1, 1995", (Brno, Czech Republic), Editor: I. Kolaf, MU University, Brno, Czech Republic (1996) 

[15] Kosmann, Y., (1972), Ann. di Matematica Pura ct Appl. 91 317-395. 
Kosmann, Y., (1966), Comptes Rendus Acad. Sc. Paris, serie A, 262 289-292. 
Kosmann, Y., (1966), Comptes Rendus Acad. Sc. Paris, serie A, 262 394-397. 
Kosmann, Y., (1967), Comptes Rendus Acad. Sc. Paris, serie A, 264 355-358. 

[16] B. Julia and S. Silva, Currents and superpotentials in classical gauge theories. Classical Quantum Gravity , vol. 
17, No. 22 (2000), 4733-4743 

[17] I.M. Anderson, C.G. Torre, Phys. Rev. Lett. 77 (1996) 4109 (hep th/9608008); 

C.G. Torre, hepth/9706092. Lectures given at 2nd Mexican School on Gravitation and Mathematical Physics, Tlaxcala, 

Mexico (1996) 

[18] M. Ferraris, M. Francaviglia, in: 8th Italian Conference on General Relativity and Gravitational Physics, Cavalese 
(Trento), August 30-Scptcmbcr 3, World Scientific, Singapore, 1988, 183 

[19] J. Katz, J. Bicak, D. Lynden-Bcll. Relativistic conservation laws and integral constraints for large cosniological 
perturbations, Phys. Rev. D, 55:5957-5969, 1997. 

[20] Von Ph. Freud, tfber die Ausdriicke der Gesamtenergie und des Gesanit-Impuses eines materiellen Systems in der 
allgemeinen Relativitdtstheorie, Annals of Mathematics, 40(2) (1939) 

[21] L. Fatibene, M. Ferraris, M. FrancavigUa, M. Raiteri, J. Math. Phys., 42, No. 3, 1173 (2001) (gr-qc/0003019). 



39 



[22] L.Fatibene, M. Ferraris, M.Francaviglia, M. Raitcri, Remarks on Noether charges and black holes entropy. Ann. 
Physics 275(1) (1999) 

[23] L. Fatibcnc, M. Ferraris, M. Francaviglia, M. Raitcri, Remarks on conserved quantities and entropy of BTZ black 
hole solutions. I. The general setting. Phys. Rev. D (3) 60 (1999), n.l2, 124012 

[24] L. Fatibcnc, M. Ferraris, M. Francaviglia, The Energy of a Solution from Different Lagrangians, Int. J. Geom. 
Methods Mod. Phys., 3(7), (2006), pp. 1341-1347 

[25] L. Fatibcnc, M. Ferraris, M. FrancavigUa, S.Mcrcadantc, About the Energy of AdS-Kerr Solutions, Int. J. Geom. 
Methods Mod. Phys. 5(7), 2008. 

[26] L. Fatibcnc, M. Ferraris, M. Francaviglia, M. Raitcri, The entropy of the Taub-bolt solution, Ann. Physics 284 
(2000), no. 2, 197214. 

[27] R. Clarkson, L. Fatibcnc, R.B. Mann, Thermodynamics of (d + I) -dimensional NUT-charged AdS spacetimes. 
Nuclear Phys. B 652 (2003), no. 1-3, 348382. 

[28] R.Bcig, N. 6 Murchadha, The Poincare Group as the Symmetry Group of Canonical General Relativity, Annals 
Phys. 174 (1987) 463-498. 

[29] L.B Szabados, Towards the quasi-localization of canonical GR, Class. Quantum Grav. 26 (2009) 125013; arXiv; 
0902.3199v2 

[30] S. Persides, A definition of asymptotically Minkowskian space-times, J. Math. Phys. 20, (1979) 1731; 

[31] K.Chu, C.Farel, G.Fcc, R.McLcnaghan, Fields Inst. Comm. 15, (1997) 

[32] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity Wiley, 
New York (a.o.) (1972). XXVIII, 657 S. : graph. Darst.. ISBN; 0-471-92567-5. 



40 



